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Realized Factor GARCH

@ Multivariate GARCH model that utilizes realized measures of volatility
and covolatility

@ Hierarchical Structure

o Market Returns + Realized Measure (RM)
Modeled with Realized EGARCH.
o K Sector Returns + RMs
Modeled jointly, conditional on market.
o Individual Assets + RMs
modeled conditional on K + 1 Market and Sector returns
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Realized GARCH Framework

@ Enhance GARCH models to include realized measures of volatility.
o E.g. Realized Variance x; = >_"_, y?, in place of squared returns

ht = w+ Bht—1 + vxt—1.

e where y; ; are intraday high-frequency data.
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Figure with HF DATA

o Figure
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Realized GARCH Framework

e Key for Realized GARCH: Measurement Equation
(Takahashi, Omori, and Watanabe, 2009)

x¢ = & + phy + errory.

@ Similar for covariance, and correlation, p;, i.e.

f(ye) = £+ @f(pt) + errory,
some function f, with y; a realized correlation:

Xij,t

\/ Xii t Xjj t

Yt =
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Realized GARCH... So Far..

@ Hansen, Huang & Shek (JoAE, 2012):
Univariate + Single Realized Measure.

e Hansen & Huang (WP, 2012):
Univariate + Multiple Realized Measures + Refinements

e Hansen, Lunde & Voev (WP, 2012)
Multivariate: Market + Conditional Model for Each Individual Asset
“single factor” evidence of residual un-modeled correlation.
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Realized Beta-GARCH

Table 2: Unconditional correlations 2; ;. (Grouped by GICS)

5 & g g
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&g 5 4 g5 g 3 g 5 g5 5 $ & &

& = = S & 5 F z g S 5 & =

154 R3] <} O & S & 3 ] Féf) [;ﬂ}* o =

g = 4 IS < z & = IS

Energy 0.599 0.324 0.275 0.202 0.160 0.180 0.229 0.217 0.197 0.298
Materials 0.418 0.377 0.309 0.243 0.244 0.342 0.299 0.273 0.285
Industrials 0.402 0.331 0.261 0.264 0.357 0.323 0.288 0.286
Consumer Discretionary 0.323 0.238 0.234 0.327 0.283 0.252 0.238
Consumer Staples 0.266 0.211 0.263 0.207 0.216 0.235
Healthcare 0.263 0.260 0.231 0.218 0.223
Financials 0.429 0.302 0.290 0.300
Information Technology 0.360 0.268 0.230
0.368 0.250

Telecommun. Services
Utilities 0.487
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Some UnfinishedBusiness Unexplained Correlation

Table 3: Unconditional correlations ;. (Grouped by GICS)

Eﬂergy
Maﬁeria s
Induw Tialg

Energy 0.484 0.092 0.015
Materials 0.160 0.082
Industrials 0.105
Consumer Discretionary
Consumer Staples
Healthcare

Financials

Information Technology
Telecommun. Services

Utilities
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Realized Factor GARCH

@ A Core Model

o For the Market Return (SPY)
o Ten Sectors (XLB, XLV, XLP, XLY, XLE, XLF, XLI, XLK, XLU, ¥OX)

@ A Separate (Factor) Model for Each Individual Asset

e Conditional on CORE Model
e Dynamic Multifactor structure.
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Core Model (Market)

@ Market Variables:

@ Ry: Market return
(SPX close-to-close returns used as proxy)

@ Xo: Realized measure of market volatility
(Realized Kernel from intraday returns)
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High-Frequency Data and Daily Returns

overnight return y intra-day returns
Y ¥
Fi—Ag Ac Fri, i=1,....N;
— e ——
16:00 16:00 930 16:00 16:00
————— t Ft——-——-—-—t—> Time
t—m r—1 t t+n
. ,
t

L
. Interday return

CHL... (EUI/CREATES) Realized Factor GARCH Hiroshima 2012 11/ 35



Core Model (Market)

GARCH-X Component

@ Define
Hot = VaI'(ROt‘./—'.tfl) and MOt = E(ROt“/—-.tfl)~

Assume constant mean My = Mp;.

@ Studentized Return
Ro: — Mo

Zor =
‘ Hot

@ GARCH Equation

log Ho: = Ao + Bolog Ho.t—1 + Colog Xo.r—1 + 79 (Zo.+-1)

o 70(z) = 71z + (2% — 1) is a leverage function.

CHL... (EUI/CREATES) Realized Factor GARCH Hiroshima 2012 12 / 35



Core Model (Market)

Measurement Equation

@ The Realized Measure log Xo; is a noisy (possibly biased) measure of
|Og HOt-

@ Measurement Equation

|Og XO,t =Fo+ |og HO,t + 5(0)(20’1_») + UO,h

o where 6(% is another leverage function.
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Core Model (Market)

o Realized EGARCH Model:

Rot = Mo+ \/HotZot
log Hot = Ao+ BologHot 1+ Colog Xo -1+ 7 (Zo-1)
log Xo.0 = Fo+logHo:+09(Zos)+ Uos,
Return Equation,

GARCH Equation, &
Measurement Equation.
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Core Model Variables

@ Core Model Variables:

Rot Market return (SPX returns used as proxy)

Rje, j=1,..., K Sector j Returns (Energy, Financials, etc.)
Xo: Realized measure of market volatility

Xj+ Realized measure of Sector j volatility.

Y+ realized correlation measure between Rp: and Rj:.

Xq:
)<jt _ 0jt

VX0t X

where Xgj; is a realized covariance measure.
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Core Model (Sector Returns)

@ Similar Structure

Rie = M+ Hjtl,
log Hiy = Aj+ BjlogHj -1+ Cjlog X1+ Djlog Ho: + T(j)(ZJ"t,l).
log Xjt = Fj+logHj: + 50)(th) + Ujt,

where we allow for direct impact from Ho: to H; .
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Core Model (Sector Returns)

Connecting Sector Returns with Market Returns

@ Modeling of dynamic correlations

pjt = corr(Rot, Rjt| Fr—1).

@ GARCH and Measurement Equation

pit) = Zj+ Qi (pje—1) +T;F (Y1),
F(Ye) = Vi+F(pje) + Vi,

where / (-) denote the Fisher transform.
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Empirical Results (Core Model)

Correlation between Sector Returns & Market Returns

e Plot:pj:.
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Core Model (Sector Returns)

Connecting Sector Returns with Market Returns

@ Since pjr = cov(Zot, Zjt), we have..
o .. .for Zt- = (Z()t7 RN ZKt)/ that

1 e o

p1e 1
var(Zy) = | P2t 71 e e
pie ! 71
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Core Model (Sector Returns)

Residual Sector Returns Interdependence

@ Define conditional and studentized sector returns

W — th —/)jtZOt
it = —F———.
/ 2
1_pjt7

@ Assume constant correlation

wij = cov(Wy, W),

e With Wt = (W]_t, RN WKt)lr let

Q = var(W;).
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Empirical Results: Residual Sector Correlation

Preliminary Estimate

Q=

| [ XLB [ XLV [ XLP [ XLY [ XLE | XLF | XL | XLK | Xi

XLB | 1.010
XLV | -0.099 | 1.000
XLP | -0.084 | 0.215 | 0.990
XLY | 0.010 | 0.014 | 0.149 | 0.985
XLE | 0.283 | -0.140 | -0.164 | -0.248 | 1.021
XLF | -0.091 | -0.021 | 0.011 | 0.153 | -0.294 | 1.011
XLI | 0.256 | -0.008 | 0.038 | 0.241 | -0.063 | 0.009 | 1.005
XLK | -0.038 | -0.125 | -0.070 | 0.111 | -0.198 | -0.132 | 0.076 | 0.999
XLU | 0.051 | 0.046 | 0.093 | -0.090 | 0.196 | -0.049 | -0.063 | -0.142 | 1.C
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Core Model (Sector Returns)

Residual Sector Interdependence

o Let

Pt = and /\t =
PKt 0 1-— P2
e From definition of W,

th - pjtZOt + pth

@ In compact form:
]. O ZOt )
Zy = )
‘ { pr N ] ( Wi
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Core Model (Sector Returns)

Residual Sector Returns Interdependence

o With

1 0 ZOt)
Zy = .
' {Pt At]( We

1 07[1 01[1 ¢
rz = va(Z) = {pt AtHo QHO /[C]

p/
_ t
[ pe pepr + NeQA }
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Core Model (Sector Returns)

Key Core Quantity

1 Pt
pr pepy + NeQA
models for all individual assets.

s _ [1 4 1o 1 01"

Z 0 A: 0 Qt pr N .
I R, Ve B 1 0

0 A 0 Q1 N AT

[ 14 i £ /\t pr —pN 1Q 1/\_
7pt/\ lQ 1/\ 1 lQ 1/\t1

@ The inverse of ¥ 7, = [ } , is central in factor
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Core Model (Sector Returns)

Key Core Quantity

@ Plot of Z}tl is some way?
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Factor Model (Individual Return)

Basic Model

@ We start simple
rie = mj+\/hiz,
log hi; ai+ biloghi 1+ cilogxie 1 + 7 (21 1),
logx;; = f;+loghjs + 5(")(2,-7t) + Ujg,

o Related to Core model through correlation with Z; and U:.
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Factor Model (Individual Return)

Correlation with Core Variables

o Let
\i = cov(Zy, zit) € RK+1
e So that
zit|Ze ~ N(NEZZ' Z, 1= NEZIN).
e Similarly

uie|Us ~ N(ZiwZ U, 1 = T g Zui)-
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Empirical Results

Correlations of Studentized Returns

o List \; = cov(Z:, zr) € RX*! for some individual assets
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Empirical Results

Correlations of Studentized Orthogonalized Returns

o List Ni = cov(W,, i) € RXF1 for some individual assets, where
W; = (Zot, W{)'.

@ Better to keep model \; as constant?
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Factor Model (Individual Return)

Factor Loadings

@ Factor loadings for i-th asset, are given by

Bit = var(Ry)~ (:ov(Rt7 rit)

Bie = Dy /le"(Zt) (,ov(Zt zit)\/ hit

_ 1/2 1)\\/>

where DHt = diag(HOt, :"/11»7 ceey HKt)-
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Factor Model

Factor Loadings: Studentized Returns

—1/2_
o i = D *T N iv/hi.
@ Factor loadings for studentized returns Z; — zj:

Bir = X7 i

@ Factor loadings: Studentized orthogonalized basis (Zy;, W;) > zj;

1 1 0 } ~1
L _ P
B/t |: Pt /\t Z
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Empirical Results

Factor Loadings for MSFT

o PLOT fs.

CHL... (EUI/CREATES) Realized Factor GARCH Hiroshima 2012 32/35



Empirical Results

Factor Loadings for XXX

o PLOT (i = X1\,

CHL... (EUI/CREATES) Realized Factor GARCH Hiroshima 2012 33 /35



Empirical Results

Factor Loadings for XXX

o PLOT j: (perhaps excluding first element).

CHL... (EUI/CREATES) Realized Factor GARCH Hiroshima 2012 34 /35



Conclusion

o Realized Factor GARCH

e Multivariate GARCH Model with Realized Measures
o Flexible Factor Structure

o Key Features

e Simple Parsimonious Structure
o Easy to estimate.
o Easy to Scale to Vast Systems

@ Empirical Results

o Intuitive results
e ... much more to come.
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