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Realized Factor GARCH

Multivariate GARCH model that utilizes realized measures of volatility
and covolatility
Hierarchical Structure

Market Returns + Realized Measure (RM)
Modeled with Realized EGARCH.
K Sector Returns + RMs
Modeled jointly, conditional on market.
Individual Assets + RMs
modeled conditional on K + 1 Market and Sector returns
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Realized GARCH Framework

Enhance GARCH models to include realized measures of volatility.
E.g. Realized Variance xt =

∑n
i=1 y2

i ,t in place of squared returns

ht = ω + βht−1 + γxt−1.

where yi ,t are intraday high-frequency data.
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Figure with HF DATA

Figure
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Realized GARCH Framework

Key for Realized GARCH: Measurement Equation
(Takahashi, Omori, and Watanabe, 2009)

xt = ξ + ϕht + errort .

Similar for covariance, and correlation, ρt , i.e.

f (yt) = ξ̃ + ϕ̃f (ρt) + errort ,

some function f , with yt a realized correlation:

yt =
xij ,t√xii ,txjj ,t

.
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Realized GARCH... So Far..

Hansen, Huang & Shek (JoAE, 2012):
Univariate + Single Realized Measure.
Hansen & Huang (WP, 2012):
Univariate + Multiple Realized Measures + Refinements
Hansen, Lunde & Voev (WP, 2012)
Multivariate: Market + Conditional Model for Each Individual Asset
“single factor” evidence of residual un-modeled correlation.
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Realized Beta-GARCH
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Some Unfinished Business Unexplained Correlation
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Realized Factor GARCH

A Core Model

For the Market Return (SPY)
Ten Sectors (XLB, XLV, XLP, XLY, XLE, XLF, XLI, XLK, XLU, VOX)

A Separate (Factor) Model for Each Individual Asset

Conditional on CORE Model
Dynamic Multifactor structure.
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Core Model (Market)

Market Variables:
R0t Market return
(SPX close-to-close returns used as proxy)
X0t Realized measure of market volatility
(Realized Kernel from intraday returns)
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High-Frequency Data and Daily Returns
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Core Model (Market)
GARCH-X Component

Define

H0t = var(R0t |Ft−1) and M0t = E(R0t |Ft−1).

Assume constant mean M0 = M0t .
Studentized Return

Z0t =
R0t −M0√

H0t
.

GARCH Equation

logH0t = A0 + B0 logH0,t−1 + C0 logX0,t−1 + τ (0)(Z0,t−1)

τ (0)(z) = τ1z + τ2(z2 − 1) is a leverage function.
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Core Model (Market)
Measurement Equation

The Realized Measure logX0t is a noisy (possibly biased) measure of
logH0t .
Measurement Equation

logX0,t = F0 + logH0,t + δ(0)(Z0,t) + U0,t ,

where δ(0) is another leverage function.
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Core Model (Market)

Realized EGARCH Model:

R0t = M0 +
√

H0tZ0t

logH0t = A0 + B0 logH0,t−1 + C0 logX0,t−1 + τ (0)(Z0,t−1)

logX0,t = F0 + logH0,t + δ(0)(Z0,t) + U0,t ,

Return Equation,
GARCH Equation, &
Measurement Equation.
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Core Model Variables

Core Model Variables:

R0t Market return (SPX returns used as proxy)
Rjt , j = 1, . . . ,K Sector j Returns (Energy, Financials, etc.)
X0t Realized measure of market volatility
Xjt Realized measure of Sector j volatility.
Yjt realized correlation measure between R0t and Rjt .

Xjt =
X0jt√
X0tXjt

,

where X0jt is a realized covariance measure.
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Core Model (Sector Returns)

Similar Structure

Rjt = Mj +
√

HjtZjt ,

logHjt = Aj + Bj logHj ,t−1 + Cj logXj ,t−1 + Dj logH0t + τ (j)(Zj ,t−1),

logXjt = Fj + logHjt + δ(j)(Zjt) + Ujt ,

where we allow for direct impact from H0t to Hjt .

CHL... (EUI/CREATES) Realized Factor GARCH Hiroshima 2012 16 / 35



Core Model (Sector Returns)
Connecting Sector Returns with Market Returns

Modeling of dynamic correlations

ρjt = corr(R0t ,Rjt |Ft−1).

GARCH and Measurement Equation

z(ρj ,t) = Ξj + Φjz(ρjt−1) + Γjz(Yj ,t−1),

z(Yj ,t) = Ψj + z(ρjt) + Vjt ,

where z(·) denote the Fisher transform.

CHL... (EUI/CREATES) Realized Factor GARCH Hiroshima 2012 17 / 35



Empirical Results (Core Model)
Correlation between Sector Returns & Market Returns

Plot:ρjt .
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Core Model (Sector Returns)
Connecting Sector Returns with Market Returns

Since ρjt = cov(Z0t ,Zjt), we have..
...for Zt = (Z0t , . . . ,ZKt)′ that

var(Zt) =


1 • • • •
ρ1t 1 • • •
ρ2t ? 1 • •
...

...
. . . . . . •

ρ1t ? · · · ? 1

 .
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Core Model (Sector Returns)
Residual Sector Returns Interdependence

Define conditional and studentized sector returns

Wjt =
Zjt − ρjtZ0t√

1− ρ2
jt ,

.

Assume constant correlation

ωij = cov(Wij ,Wjt).

With Wt = (W1t , . . . ,WKt)′, let

Ω = var(Wt).
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Empirical Results: Residual Sector Correlation
Preliminary Estimate

Ω̂ =

XLB XLV XLP XLY XLE XLF XLI XLK XLU
XLB 1.010
XLV -0.099 1.000
XLP -0.084 0.215 0.990
XLY 0.010 0.014 0.149 0.985
XLE 0.283 -0.140 -0.164 -0.248 1.021
XLF -0.091 -0.021 0.011 0.153 -0.294 1.011
XLI 0.256 -0.008 0.038 0.241 -0.063 0.009 1.005
XLK -0.038 -0.125 -0.070 0.111 -0.198 -0.132 0.076 0.999
XLU 0.051 0.046 0.093 -0.090 0.196 -0.049 -0.063 -0.142 1.002
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Core Model (Sector Returns)
Residual Sector Interdependence

Let

ρt =

 ρ1t
...
ρKt

 and Λt =


√

1− ρ2
1t 0

. . .

0
√

1− ρ2
Kt

 .

From definition of Wjt ,

Zjt = ρjtZ0t +
√

1− ρ2
jtWjt .

In compact form:

Zt =

[
1 0
ρt Λt

](
Z0t
Wt

)
.
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Core Model (Sector Returns)
Residual Sector Returns Interdependence

With

Zt =

[
1 0
ρt Λt

](
Z0t
Wt

)
.

ΣZt = var(Zt) =

[
1 0
ρt Λt

] [
1 0
0 Ω

] [
1 ρ′t
0 Λt

]
.

=

[
1 ρ′t
ρt ρtρ

′
t + ΛtΩΛt

]
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Core Model (Sector Returns)
Key Core Quantity

The inverse of ΣZt =

[
1 ρ′t
ρt ρtρ

′
t + ΛtΩΛt

]
, is central in factor

models for all individual assets.

Σ−1
Zt

=

[
1 ρ′t
0 Λt

]−1 [ 1 0
0 Ω−1

] [
1 0
ρt Λt

]−1

.

=

[
1 −ρ′tΛ−1

t
0 Λ−1

t

] [
1 0
0 Ω−1

] [
1 0

−Λ−1
t ρt Λ−1

t

]
=

[
1 + ρ′tΛ−1

t Ω−1Λ−1
t ρt −ρ′tΛ−1

t Ω−1Λ−1
t

−ρtΛ−1
t Ω−1Λ−1

t Λ−1
t Ω−1Λ−1

t

]
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Core Model (Sector Returns)
Key Core Quantity

Plot of Σ−1
Zt

is some way?
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Factor Model (Individual Return)
Basic Model

We start simple

rit = mi +
√

hitzit ,

log hit = ai + bi log hi ,t−1 + ci log xi ,t−1 + τ (i)(zi ,t−1),

log xit = fi + log hit + δ(i)(zi ,t) + uit ,

Related to Core model through correlation with Zt and Ut .
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Factor Model (Individual Return)
Correlation with Core Variables

Let
λi = cov(Zt , zit) ∈ RK+1

So that
zit |Zt ∼ N(λ′iΣ

−1
Zt

Zt , 1− λ′iΣ−1
Zt
λi ).

Similarly
uit |Ut ∼ N(ΣiUΣ−1

UUUt , 1− ΣiUΣ−1
UUΣUi ).
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Empirical Results
Correlations of Studentized Returns

List λi = cov(Zt , zit) ∈ RK+1 for some individual assets
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Empirical Results
Correlations of Studentized Orthogonalized Returns

List λ̃i = cov(W̃t , zit) ∈ RK+1 for some individual assets, where
W̃i = (Z0t ,W ′

t )′.
Better to keep model λ̃i as constant?
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Factor Model (Individual Return)
Factor Loadings

Factor loadings for i-th asset, are given by

βit = var(Rt)−1cov(Rt , rit)

βit = D−1/2
Ht

var(Zt)−1cov(Zt , zit)
√

hit

= D−1/2
Ht

Σ−1
Zt
λi
√

hit

where DHt = diag(H0t ,H1t , . . . ,HKt).
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Factor Model
Factor Loadings: Studentized Returns

βit = D−1/2
Ht

Σ−1
Zt
λi
√

hit .
Factor loadings for studentized returns Zt 7→ zit :

β̃it = Σ−1
Zt
λi

Factor loadings: Studentized orthogonalized basis (Z0t ,Wt) 7→ zit

β⊥it =

[
1 0
ρt Λt

]
Σ−1

Zt
λi
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Empirical Results
Factor Loadings for MSFT

PLOT βit .
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Empirical Results
Factor Loadings for XXX

PLOT β̃it = Σ−1
Zt
λi

CHL... (EUI/CREATES) Realized Factor GARCH Hiroshima 2012 33 / 35



Empirical Results
Factor Loadings for XXX

PLOT β⊥it (perhaps excluding first element).
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Conclusion

Realized Factor GARCH

Multivariate GARCH Model with Realized Measures
Flexible Factor Structure

Key Features

Simple Parsimonious Structure
Easy to estimate.
Easy to Scale to Vast Systems

Empirical Results

Intuitive results
... much more to come.
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