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Abstract

This paper proposes a new stationarity test based on the KPSS test with less size
distortion. We extend the boundary rule proposed by Sul, Phillips and Choi (2005) to
the autoregressive spectral density estimator and parametrically estimate the long-run
variance. We also derive the finite sample bias of the numerator of the test statistic up
to the 1/T order and propose a correction to the bias term in the numerator. Finite
sample simulations show that the correction term effectively reduces the bias in the
numerator and that the finite sample size of our test is close to the nominal one as long
as the long-run parameter in the model satisfies the boundary condition.
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1. Introduction

Following longstanding and well-known studies of the unit root problem, it has been common
practice to test for a unit root in time series analysis. In conjunction with testing for a unit
root, the null hypothesis of stationarity has often been investigated in practical analysis, and
one of the widely applied stationarity tests is the one in Kwiatkowski et al. (1992; hereafter,
referred to as KPSS (1992)), also known as the KPSS test.

Although the KPSS test is asymptotically free from nuisance parameter and hence we
can asymptotically control the size of the test, it is also known that the test suffers from
considerable size distortion in finite samples when the series tested is strongly serially cor-
related. See, for example, Caner and Killian (2001) and Miiller (2005). In order to mitigate
the size distortion problem, Rothman (1997) considers the use of size-adjusted critical val-
ues, but the KPSS test with size-adjusted critical values loses its power, as pointed out by
Rothman (1997) and Caner and Killian (2001). Since one of the reasons for size distortion
is the bias in the log-run variance estimator, Sul, Phillips and Choi (2005, SPC hereafter)
propose a modified KPSS test by estimating the long-run variance using the prewhiten-
ing method proposed by Andrews and Monahan (1992) with the data-dependent boundary
rule. Carrion-i-Silvestre and Sans6 (2006) investigate the finite sample properties of several
stationarity tests and conclude that the SPC test with first order autoregressive (AR(1))
prewhitening is preferable to others in terms of size control. However, their simulations
also show that the SPC test with AR(1) prewhitening suffers from size distortion when the
data generating process (DGP) is an AR(2) process. Harris, Leybourne and McCabe (2007)
focus on the local-to-unity model and propose the GLS-type transformation of data before
constructing the test statistic. The size of their test is close to the nominal one when the
pre-specified localizing parameter is close to the true one but the test is undersized when

the true process is moderately serially correlated, as is shown by Aznar and Ayuda (2008).

Since the size distortion problem is not specific to the KPSS test but a general problem
for other stationarity tests, several methods for reducing the size distortion of stationarity

tests have been proposed in the literature. For example, Cheung and Chinn (1997) and Kuo



and Mikkola (1999) use size-adjusted critical values for Leybourne and McCabe (1994, 1999)
tests and Saikkonen and Luukkonen (1993a, b) tests, respectively, but these methods, as in
the case of the KPSS test, are unable to correct the loss in the power of the tests. Lanne and
Saikkonen (2003) and Kurozumi (2009) propose to modify Leybourne and McCabe (1994,
1999) tests; note that though the sizes of these tests are closer to those of the original tests,
they still suffer from size distortion in some cases. Aznar and Ayuda (2008) develop a new
test for stationarity using a local-to-unity model but this test is undersized for a process
with moderate serial correlation because their test is not designed for the null of stationarity.
Unfortunately, all of the above methods seem to have a problem with controlling the size of

stationarity tests.

In this paper, we propose a new KPSS-type test for (trend) stationarity with less size
distortion. We extend the boundary rule proposed by SPC (2005) to the autoregressive
spectral density estimator; the long-run variance is estimated based on the AR approxima-
tion. Although it is known that the long-run variance estimator based on the least squares
method results in the inconsistency of the test as pointed out by Leybourne and McCabe
(1994), we show that this problem can be avoided by applying the boundary rule of SPC
(2005). This autoregressive spectral density estimator works relatively well but we still have
another problem—the numerator of the KPSS test statistic has a downward bias, and as
such, the KPSS test statistic corrected by the new long-run variance estimator becomes
undersized. In order to correct the size of the test, we derive the finite sample bias of the
numerator of the test statistic and propose the bias-corrected version of the KPSS test. It
is shown that the empirical size of our modified test can be well controlled as compared to

the other tests.

The paper is organized as follows. Section 2 introduces a model and briefly reviews the
KPSS test and the SPC boundary rule. We consider the application of the boundary rule
to the long-run variance estimator in Section 3. We also derive the finite sample bias of the
numerator of the KPSS test statistic and propose the bias corrected test statistic. Section 4

investigates the finite sample properties of our test. Section 5 gives the concluding remarks.



2. Model and Review of KPSS Test

Let us consider the following model:
y=dy3+x for t=1,2,--- T, (1)

where d; is deterministic and x; is a stochastic component. As in the literature, we consider
two cases: dy = 1 (constant case) and d; = [1,t]’ (trend case). The integrated order of y; is

determined by the behavior of x;. We consider the following assumption in this paper.

Assumption 1. (a) Under the null hypothesis, x; is covariance stationary with 1-summable
autocovariances; the spectral density function of xy, given by f()\), is bounded and does not
equal zero for —oo < \ < oo; the functional central limit theorem (FCLT) can be applied to
the partial sum process of x.

(b) Under the alternative hypothesis, Az satisfies condition (a) where A =1 — L with L

being the lag operator.

According to Assumption 1, y; is covariance stationary (trend stationary) under the null

hypothesis while it is a unit root process under the alternative.
KPSS (1992) propose to test for the null of (trend) stationarity against the alternative
of a unit root. The KPSS test statistic is defined as

N2
% Z?:l (Zi:l xS)

w

KPSS =

; (2)

where 2, is the regression residual of y; on d; and @ is a consistent estimator of the long-run
variance w defined by w = limy_,, Var(T~1/2 Zz;l x). KPSS (1992) originally proposed to
estimate w by the nonparametric method using the Bartlett kernel, but other kernels such

as the quadratic spectral kennel are also applicable.

~

By applying the FCLT to the partial sum process of @, it is shown that 71/2 Zgﬁ Ty
weakly converges to /wVi(r) for the constant case and to \/wVa(r) for the trend case where
[a] denotes the largest integer less than a, Vi(r) = B(r) — rB(1) and Va(r) = B(r) +
(2r — 3r%) B(1) + (—6r + 6r%) fol B(s)ds with B(r) being a standard Brownian motion.



Using these results, it is shown that K PSS <, fol {Vi(r)}* dr under the null hypothesis
with i = 1 for the constant case and i = 2 for the trend case where — signifies convergence

in distribution.

As is seen from the limiting null distribution, the KPSS test is free from nuisance pa-
rameter and we can asymptotically control the size of the test. However, as explained in the
introduction section, it suffers from considerable size distortion in finite samples. In order
to mitigate size distortion, SPC (2005) propose to estimate the long-run variance using the
prewhitening method with a boundary rule. According to SPC (2005), we first estimate an
AR(p) model for z; as & = p1&4—1 + -+ + pp&r—p + é and then define the new long-run

variance estimator as

- We - . . 1
W= -——5 where p:m1n<p1—|—---+p,1—>
FEE RN
and @, is the long-run variance estimator based on é,. SPC (2005) show that the KPSS
test statistic (2) corrected by @ has the same limiting distribution under the null hypothesis

while it diverges to infinity at rate 1" under the alternative.

In practice, it is often the case that the prewhitening method is implemented with an
AR(1) approximation. Moreover, Carrion-i-Silvestre and Sansé (2006) show that the size of
the SPC test with AR(1) prewhitening is close to the nominal one when the true DGP is
an AR(1) process while it tends to be greater than the nominal size when the true DGP is

an AR(2) process.
3. Bias Corrected KPSS Test
3.1. Estimation of the long-run variance

The boundary rule exploited by SPC (2005) is a clever tool to estimate the long-run variance
with less bias. We apply this rule to the autoregressive spectral density estimator. As shown
by Perron and Ng (1996), unit root tests corrected by the autoregressive spectral density

estimator perform well and we expect that this would be the case for stationarity tests.



In order to see the AR expression of z;, we first express x; as an infinite order moving
average (MA(oo)) process under the null hypothesis. Under Assumption 1(a), the original
process x; can be expressed, using the Wold representation and Theorem 3.8.4 of Brillinger

(1981), as
v =0(L)er = Y ey, where Y ;| < oo, (3)

=0 j=0
(L) = Z;io ¢; L7 is a lag polynomial with 19 = 1 and &, is a sequence of white noise with
E[e?] = ¢2. Further, from Theorem 3.8.2 of Brillinger (1981), the lag polynomial (L) is

invertible and hence we have

¢(L)xy =, where ¢(L)=1-Y ¢;L7 and > jlé;] < oc. (4)

j=1 j=1
Similarly, we can also see that z; is expressed as ¢.(L)(1 — L)x¢ = &; under the alternative
because Az, satisfies Assumption 1(a) under the alternative. By defining ¢(L) = ¢, (L)(1 —
L) under the alternative, we can see that the original process z; has an AR(o0) representation
given by ¢(L)z; = &; under both the null and the alternative hypotheses and thus the testing
problem is given by

Ho: ¢(1)>0 vs. Hp: ¢(1)=0.

From (4), the long-run variance of z; is given by 02/¢?(1) and the natural estimator is
obtained by approximating the AR(co) representation by the AR(p) model where p diverges
to infinity at an appropriate rate as 7' — oco. However, as pointed out by Leybourne and
McCabe (1994), the long-run variance estimator based on the least squares estimation of

the AR(p) model results in the inconsistency of the test.

In order to avoid this problem, we make use of the boundary rule by SPC (2005). We
first fit the AR(p) model to 2,

Ty = ¢1it—1 +---+ (prA?t_p + &

and then estimate the long-run variance based on the autoregressive spectral density esti-



mator as follows:

T p
1 ~ A c
——%_ where 2= E £2  and = min E L1l——
1—¢)2 T &t ¢ = % VT

with ¢ being some constant. We propose to test for the null of (trend) stationarity using the

KPSS test statistic (2) with @ replaced by ©4r. We call this test the modified KPSS test.

Note that under the null hypothesis, (;; equals 25:1 ngSj for large T'; hence War converges
in probability to w. For details, see Berk (1974). We can see that the modified KPSS test
statistic has the same limiting distribution as the original one. On the other hand, as in SPC
(2005), &2 still converges in probability to o2 under the alternative while (1 — ¢)? is shown
to be of order 1/T. As a result, war diverges to infinity at rate 7. Since the numerator
of the KPSS test statistic diverges to infinity at rate 72, we can see that the KPSS test
statistic corrected by @war diverges to infinity at rate 1" under the alternative, and as such,

the modified test is consistent.
3.2. Bias correction of the test statistic

As expected from the case of unit root tests by Perron and Ng (1996), the autoregressive
spectral density estimator performs quite well in our preliminary simulation. However, once
the long-run variance is well estimated, we encounter another problem—the numerator of
the test statistic (2) is biased downward in finite samples. As we will see in the next section,
the modified KPSS test tends to under-reject the null hypothesis because of this downward

bias, and hence, it loses power considerably under the alternative.

In order to control the size of the test, we derive the bias in the numerator of the test
statistic under the null hypothesis and consider the bias-corrected version of the modified
KPSS test statistic. To calculate the bias, we first express x; in (3) by the Beveridge-Nelson

decomposition as

o0 o0
2y =9Y(1)ey +v4—1 — vy, where vy = ijst_j with ¢, = Z ;. (5)

j=0 i=j+1



Since I; is obtained by regressing y; on d;, we can see that

T
Ii't = Xt — d; <Z dtd£> Z dtmt
t=1 t=1

-1 7
= 1[)(1)615 + Vi1 — U — d; (Z dﬂl;) Z dt(w(l)&g + Vi1 — ’Ut)
t=1

t=1

= (1) — Ay,

where &; and ZE are the regression residuals of £, and Aw; on dy, respectively (note that
E\vt is different from A®;). Using this expression, the numerator of the KPSS test statistic

(2) is decomposed into three terms:

1 T t ) 2 1/)2(1) T t ) 2
x(5e) - Pa(ze)

t=1 s=1
1 T t . 2 2 (1 T t A t o
(a2 () (S
t=1 \s=1 t=1 \s=1 s=1
9y T [/t 2
— ¢T(21) ( és> + Ri — Ry, say (6)
t=1 s=1

It can be shown that the first term on the right hand side of (6) is the leading term while
the second and third terms are o,(1). From the simulation result in KPSS (1992), the
finite sample distribution of the first term on the right hand side of (6), except for a scalar
term ¢2(1), is well approximated by the limiting distribution and thus we expect that the
downward bias in the numerator comes from R; and Rs. Therefore, we define the finite
sample bias in the numerator as the expectation of Ry — R up to the O(T~!) terms. This

is denoted by br:

E[Ry — Ro) = by + 0 <;> |

The following theorem gives the expression of the bias term byp.

Theorem 1. Let vy = E[v?] and ¢(L) be the lag polynomial given in (4). Under Assumption

1(a), the bias term by in the numerator of the KPSS test statistic is expressed as

_ bo 2 ¢/(1)>

o= (w2550




where ¢' (1) = d¢(2)/dz|,=1 and by = 5/3 for the constant case and by = 19/15 for the trend

case.

The direction of the bias is not necessarily obvious because vy > 0 while ¢'(1)/¢3(1)
is negative when x; is positively serially correlated. However, as is shown in the following
corollary, the bias turns out to be negative when z; is an AR(1) process with positive serial

correlation.

Corollary 1. Assume that x¢ is an AR(1) process given by xy = ¢p12¢—1 + €. Then, when

|p1]| < 1, the bias term by in the numerator of the KPSS test statistic is expressed as

_bo a1

T (1—-¢1)%(1 - ¢})

br =
where by is the same as in Theorem 1.

This corollary is easily obtained by noting that

o2t

= A= g)20 - ¢?)

for the AR(1) case and we omit the poof.

From corollary 1 we can see that the bias for an AR(1) process is always negative when
¢1 > 0 and that the bias takes large negative values as ¢; approaches 1. This explains
why the modified KPSS test tends to be undersized when the process is strongly serially
correlated. As we will see in the next section, the downward bias in the test statistic is
serious when the process is strongly serially correlated and hence the power of the test
can be below the significance level in some cases. We thus need to correct the bias in the

numerator of the test statistic.

In practice, we need to estimate the bias based on the AR(p) approximation. Although
we can easily estimate by for the AR(1) case because it is explicitly expressed as a function
of the AR coefficient as given in Corollary 1, we have to estimate 7y in general. Since g
cannot be expressed in the closed form using the AR coefficients for a general AR(p) model,

we need to estimate it recursively like solving the Yule-Walker equations.



We first note that the bias by includes the reciprocal of ¢(1) and the least squares
estimator of this term might take large values because of the estimation error in the AR
coefficients. As a result, the estimator of the bias might take explosively large negative
values through the ¢/(1)/¢?(1) term. In order to avoid the explosive behavior of the bias
term, we estimate it based on the least squares method with the same inequality constraint
as the boundary rule. That is, we estimate the AR(p) model by minimizing the sum of
squared residuals with the inequality constraint given by 2?21 p;j<1l—c/ VT. We can see
that the constrained estimator is consistent as long as the boundary rule is satisfied while

it is not explosive even under the alternative because of the constraint.

In order to explain how to estimate 7y, let us assume that ¢(L) be the lag polynomial
of order p, so that xy = ¢124—1 + - - - + Ppxi—p + 4. By inserting the MA(oco) expression (3)

into both sides, we have

o o0 o0
Z Vigt—i = 1 Z Vigr—i—1+ -+ ¢p Z Yi€t—i—p + €1
i=0 i=0 i=0

By comparing the coefficients associated with e;_; for ¢ = 0,1,2,---, we can observe the

following relations between {1;} and {¢;}: 1o = 1, Y1 = d1¢0, Y2 = P11+ Patby, - - -. That

is,

i
i o= Y ¢ptip for i=1,--,p—1 (7)
k=1
P
o= Y iy for i>p. (8)
k=1
Using relation (7) and the constrained estimators of ¢1,--- , ¢,, we can get the estimators
1])1, e ,12)1;,1. In addition, we also obtain the estimators of 4y, - - - ,z/;p,l using the following
relation:
- s > 1
Vi = Z wkzzwk—wo—“'—%:w—lﬁo—"‘—wi,
k=i+1 k=0

fori=0,---,p—1, since ¥(1) = 1/¢p(1).

We next make use of the relation among the autocovariances of v;. By summing (8) over



1> j+ 1 with 7 > p, we have

oo o0 o oo

STwi=d1Y Vit D, ity > Ui

i=j+1 i=j i=j—1 i=j—p+1

or equivalently,

bj = $1hj1 + pothj_o + -+ dpibj_p for j>p, (9)
since 1/;]- = Z;’ij 41 ¥i- Multiplying both sides of (9) with ﬁj_k and summing over j > p, we
get

D ik =01 i1tk t b2y okt dp Y Uitk (10)

Jj=p Jj=p Jj=p Jj=p
Noting that vx = E[vvy_g] = o2 >0 Uity for k = 0,1,2,--- because, as given in (5),

v =20 Yjer—j, we can see that (10) can be expressed as

Ve = P1Vk—1 + -+ Pp—171 + OkY0 + Prp171 + -+ PpVp—i + Qg (11)

for k=0,1,--- ,p where

p—k—1 p—k—1 p—k—1 p—k—1
2 T 7 7 T 72
ar = o2 D ity — b1 Y ikt — =1 D ity — ke > U
Jj=0 J=0 J=0 j=0
p—k—2
—bri1 > Yithigr = — Spo1thotp_k—1
j=0

Since we have already obtained the estimators of ¢1,--- , ¢, and do, - - - ,1[)1;,1, we can also
calculate ay for K =0,--- ,p. Since (11) for £k =0,--- ,p can be seen as p + 1 simultaneous
equations with respect to o, - - ,y,, we can get the estimator of vg by solving a set of these

equations.

Once we get the estimator of 7g, we can construct br, the estimator of by. Finally, we

construct the bias corrected version of the KPSS test statistic

% 25:1 (22:1 333)2 - ET

WAR

Note that the bias corrected KPSS test statistic has the same limiting distribution as the

KPSSpc =

original KPSS test statistic under the null hypothesis, and as such, we can use the critical

values in the table given by KPSS (1992).
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4. Simulation Study

In this section, we investigate the finite sample properties of the bias corrected version of
the modified KPSS test statistic through Monte Carlo simulations. The DGP we considered
is given as follows:

yr=dyB+ 11, Tt = P174_1 + Poxy_2 + &y

where g, ~ i.1.d.N(0,1) and 8 = 0 throughout the simulations because the test statistic
is invariant to the true values of 3. For the AR(1) case, we set ¢; to be from 0.5 to 1.0
in increments of 0.01 and take ¢2 = 0. On the other hand, for the AR(2) case, we take
¢o = 0.3 or —0.3 and set ¢ such that ¢ + ¢2 ranges from 0.5 to 1.0. The significance level
is 0.05 and the number of replications is 5,000.

To obtain the estimate of the long-run variance, W4, we need to determine the lag
length in practice. For both of the AR(1) and AR(2) cases we choose the lag length using
the Bayesian information criterion (BIC)?. In addition, in order to apply the boundary rule,
we have to preset the value of ¢; however, the localizing parameter ¢ is not necessarily
interesting in practical analysis. The boundary value, 1 — ¢/v/T, is of greater importance
in finite samples because we truncate the long-run parameter ¢; + - - - 4 ¢, at the boundary
value. For example in the AR(1) case, if we set the boundary value as 0.9, we expect that
the size of the test would be close to the significance level when ¢, is less than 0.9. On the
other hand, when ¢; is greater than 0.9, the null hypothesis would tend to be rejected. In
our simulations, we choose ¢ such that 1 — c/\/T equals 0.85, 0.9 and 0.95 for T = 50, 100
and 300; further, the boundary value of 0.98 is considered for 1" = 100, 300 and 500.

The above boundary value is also used to obtain the bias term br. We used the GAUSS-
CML routine to estimate the model by the least squares method with the inequality con-
straint given by ¢y + -+ ¢p < 1 —¢/VT.

Figure 1 provides the rejection frequencies of the tests for the constant AR(1) case where

the horizontal axis corresponds to ¢1. In each figure, “BIC” denotes the rejection frequencies

*We also used the Akaike information criterion to choose the lag length. The results are similar to those
of the BIC.
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Figure 3: The finite sample performance; constant case (AR(2) with ¢ = —0.3 model)
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Figure 6: The finite sample performance; trend case (AR(2) with ¢ = —0.3 model)
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of the bias corrected version of the modified KPSS test while “SPC” is the SPC test with
AR(1) prewhitening, to which the above boundary rule is applied. To see the effect of the
bias correction, we also show the result of the modified KPSS test in Subsection 3.1 with
the true lag length, which is denoted as “no correction”. From Figure 1, we can see that
the bias correction term b effectively reduces the downward bias of the modified KPSS test
statistic when the boundary value is 0.85, 0.9 and 0.95. For the boundary value of 0.98,
our method overly corrects the modified KPSS test statistic when T" = 100; however, as the
sample size increases, the size of our test gets closer to the nominal size when the AR(1)

parameter is less than the boundary value.

Figures 2 and 3 give the rejection frequencies of the tests for the constant AR(2) case.
In this case, the horizontal axis corresponds to ¢1 + ¢2. Figure 2 shows that the SPC test
with the AR(1) prewhitening suffers from size distortion when ¢ = 0.3 even if the process is
not strongly serially correlated, while the modified KPSS test tends to under-reject the null
hypothesis. Again, the size of the bias corrected version of the modified KPSS test is much
closer to the nominal one than the other tests except when T is small and the boundary
values are large. On the other hand, the SPC test tends to under-reject the null hypothesis

when ¢o = —0.3, and as such, it loses power considerably.

Figures 4 to 6 give the results for the trend case. The relative performance of the tests
is preserved compared to the constant case but it becomes more difficult to control the size
of the tests for the trend case. When the sample size is small and the boundary is close to
one, our method tends to correct the downward bias too much, so that our test also suffers
from size distortion in some cases. However, this over-rejection is mitigated as the sample

size increases.

5. Concluding Remarks

In this paper, we proposed a new KPSS-type test for stationarity with less size distortion.
The distinctive features of our test are summarized in the following: First, we parametrically

estimate the long-run variance imposing the boundary condition. Second, we correct the
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downward bias in the numerator of the KPSS test statistic. The simulation study showed
that our method can mitigate the size distortion problem effectively. Our method could
be extended to the panel stationarity test proposed by Hadri (2000) and it is our future

research.

It is worth noting that we can control the empirical size only up to the boundary value
and that the rejection frequencies of the test tend to be greater than the significance level
when the long-run parameter is above the boundary value. This may be a natural result in
view of Theorem 2 of Miiller (2008), who pointed out (Discussion 4.3, Miiller (2008)) that
“Consistent stationarity tests should be thought of as testing jointly the I(0) property ...
and additional restrictions on the behavior of the process.” The boundary rule in this paper

is one such restriction.
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Appendix

Proof of Theorem 1: In the following, we will show that

B[R] = }bovo+o<;) (12)
0,2 !
E[Ry] = ;w (13)

where by = 5/3 for the constant case and it is 19/15 for the trend case.

Let us first consider the trend case. Since &Jt is the regression residual of Av; on dy, we

can expand R as

2

1 Z t t T -1
Ry = > ¢ Avg—) d (Z dtdg> > diAv,
t=1 s=1 s=1 t=1 t=1
1 T ¢ 2 g (Tt t T Loy
= = (Z Avs> - 73 ( > Av, Zd’S) (Z M;) > diAv,
t=1 s=1 =1 s=1 s=1 t=1 t=1

t
1 A ¢ T -1 p
+73 Z Avd, (Z dtdg> (Z Z ds Z d;> <Z dtdg> Z dy Avy
t=1

= Ry1 — Ri2+ Ry3, say.

Since Zi:l Avs = v — 19, the expectation of Rj; becomes

T
1
E[Rn] = 72 Z E [vtz — 2ugvt + vg]
t=1
T
2 2 2 1
T'YO T2 ;775 T’YO + (TQ) ( )

because | Y7, v < > oo ] < oo

In order to evaluate Rjo2, we express E[Rj2] as

(idm> (iZAZd)] )

t=1 s=1 s=1

T -1
2
E[ng] = ﬁtr (Z dtdé) E
t=1
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We evaluate each element of the expectation on the right hand side of (15). The (1,1)

element becomes

T
E[the (1,1) element] = (vr — vo Z v — vp)t
=1

T
= Zt’YT—t - ’YTZt - Zt% +'702t
t=1 t=1 =1 t=1

2

= ot o) (16)

because 7; is absolutely summable and v = o(1). In exactly the same way, we can see that

T t
(vp — o) Z(Ut — ) Z s]
t=1 s=1

E[the (1,2) element] =

T ot T t T ¢
= Z’YT tZS—WTZZS—Z%ZS+’YOZZS
t=1 s=1 t=1 s=1
_ fwo(m (17)

Elthe (2,1) element] = E

T T
{(T+ 1)1}T—Z’Ut—vo}z v — Vg t]

t=1 t=1 . .
thztvt]

t=1  t=1
+Z’Ytzt—zt%+70275:0(T3) (18)
t=1 =1 =1 =1

because |E[Zf:1 vt Z?:l tog]| < VE[(X, v)2E[(X, tvr)?] < /O(T)O(T?) by the Cauchy-

Schwarz inequality, and

T
= (T+1) ZWT t—(T+1fyTZt—E

E[the (2,2) element] =




Since direct calculation yields

. . 227 +1) 6
(Z M;) _| 1T T | (20)
t=1

T T(T—1) T(T?2-1)
we have, using (15)—(19),
Bl = 70+ 0 (7). (21)

The expectation of Rj3 is obtained in a similar manner. We first express E[R;3] as

E[Ry3] = %tr <Z dtd;> <Z zt: ds Et: dg) (Z dtd;> E

t=1 s=1 s=1

T T
Z th’Ut Z AUtdg
t=1 t=1

Since it is shown that

T -1 ¢ t T -1
t=1 t=1 s=1 s=1 t=1
(I7T° = 10T +2)(T+1)  11T>-5T +6

15T(T — 1) 107(T — 1)

T _urstie ey | 22
107(T — 1) (T2 — )T
3 - / 270 +o(1) Ty +o(T)
E ;dtmt ; Avdy| = [ Tro+o(T) Ty + O(T) ] ,
we have
E[Ry3) = 115%70 +0 (r}) : (23)

Hence, we obtain (12) from (14), (21) and (23).

The evaluation of the expectation of Ry proceeds in the same way but is more compli-
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cated. We first expand Ra, except for the scalar, 2¢(1)/T?, as

> (5e) ()

T t t T -1
= Z Z Es — Z d/s (Z dtd£> Z Clt8t
t=1 s=1 s=1 t=1 t=1
t t T -1 7
> Avg > d, (Z dtd;> > A
s=1 s=1 t=1 t=1
T ot t T t T -1
= ZZ@SZAUS — ZZA?}SZd’S (Zdtdff) Zdtat
t=1s=1 s=1 t=1 s=1 s=1 t=1 t=1

Loy -1 7

T t
3 (Yoan) Sy a 3y (Yad) Yas
t=1 s=1 s=1 t=1
= 321 Roo — Rz + Ro4, say.
We evaluate each term. The expectation of Rs; becomes

T t T-1
E[Ry] = ZE Z&?S — ] =02 Y =0T (1 - ;,) U (24)
s= t=1 s=1 t=0

In order to evaluate the expectations of Roo, Rog and Ro4, we use the following lemma.

Lemma 1. Let f; and g; be deterministic sequences fort=1,--- ,T. Then,
T T T—1 /T—t .
(z f) (z g)] 2 (z fsgs+t) e o)
t=1 t=1 t=0 \s=1
T t T
SR e > <Z fs> £t (26)
t=1

s=1 t=1

We omit the proof of Lemma 1 because it is directly obtained by noting that E[e;_sv;] =

031;3 for s > 0 and Eleiqsv¢] =0 for s > 0.

For E[Rg2], note that

E[Ry) = (Z dtd’>

Z diey Z Z A, Z d’] : (27)

t=1 s=1
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Each element of the expectation on the right hand side of (27) is evaluated as

T T T-1 T2 . t2
E[the (1,1) element] = FE Zetzwt] =o? Z 5 vy + O(T),
Lt=1 t=1 t=0
Elthe (2,1) el ] E-ZT:t ZT:t ] 3 (T3 e t3>1/? O(T?)
the (2,1) element| = €t V| =0 - - — + = t + )
L[t=1  t=1 ) =\ 3 2 6
r T T t T-1 T3 . t3
Elthe (1,2) element] = E ZethtZs] =02 Z 6 U+ O(T?),
[t=1 t=1 s=1 t=0
r T T t T-1 T4 t4 tTS
E[the (2,2) element] = FE Ztstht Zs] =02 <8 Yo 6) P+ O(T?),
[t=1 t=1 s=1 t=0

where we used (25) with f; = 1 and ¢g; = ¢ for the (1,1) element, f; = ¢ and g; = ¢ for the
(2,1) element, f; =1 and g = t(t+1)/2 for the (1,2) element, and f; = ¢ and g = t(t+1)/2
for the (2,2) element. Then, using (20) it is shown that

o 1 42 2t A -
ElRp] =0T ) o (1= g + 7+ g | e+ O(). (28)
t=0

For Rs3, we note that
T t T t T
tzlzgasz:ld; = [ZtZaS,ZZSZES]
T /2 _ 42 T /73 _43
= L;( 5 +O(T)> et, ;( 5 +O(T2)> st]

where the last expression is obtained by using (26). Hence, using (25), it is shown that

(Z M) (zzzd>]

t=1 s=1 s=1

E

_ 2 __ _+\2 ~ _ 3_ _4\3 ~
o2 o G+ O(T) o g+ O(T?)
- 3

Using this result and (20), we have

=1y 42 9t
E[Ry| =027 = (1- — += + — o(1). 29
[Ra3] = o7 §2< T2+T+T4)1/Jt+ (1) (29)
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Exactly in the same way, for Ro4, we have,

() (5

Then, using (22), it is shown that

— 52 ?:N_ol W _2 (2 — )¢
Tl X e+ O(1) ?JT%w+O<>

2 ~
E[Ry) =0 TZ <19 1?%) U+ O(1). (30)

From (24), (28), (29) and (30), we obtain

20% = 3t 172 1
[RQ] <_T+5T2_ >¢t+O<T>.

Furthermore, since > 7%, l1h;| < oo, the above summation converges to > i20(19/ 30)1); and

we get

S TP O S N ¢
;%‘W”‘@m)‘¢mf
we finally obtain (13).

We obtain a similar expression for the constant case in exactly the same manner and we

omit the proof.l
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